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SEARCH OF EFFECTIVE ROTATION PATTERNS
IN PRESENCE OF AUXILIARY INFORMATION
IN SUCCESSIVE SAMPLING OVER TWO OCCASIONS

G. N. Singh and Jaishree Prabha Karna

ABSTRACT

In successive (rotation) sampling over two occasions with partial replacement of
units at current (second) occasion, utilizing the information on an auxiliary
character over both the occasions along with the information from previous
occasion on study character, regression type estimators for estimating the
population mean at current (second) occasion have been proposed. Behaviours of
the proposed estimators have been studied. Proposed estimators have been
compared with the sample mean estimator when there is no matching and the
optimum estimator, which is a linear combination of the means of the matched
and unmatched portion of the sample at the current (second) occasion. Optimum
replacement policy is also discussed. Results have been demonstrated through
empirical and pictorial means of elaboration.

Key words: Successive sampling, partial replacement, partial regression
coefficient, regression type, bias, mean square error, optimum replacement
policy.

1. Introduction

A change is an inherent behaviour of the nature. Some types of changes
directly or indirectly affect the quality of living and surrounding of human beings.
This requires continuous monitoring of the real life situation in hand. If situations
required to be monitored are concerned with a very large group of individuals
(population or universe), it is a difficult, time taking and costly affair. To meet
these requirements, rotation (successive) sampling provides a strong statistical
tool for generating the reliable estimates at different occasions.

Theory of rotation (successive) sampling appears to have started with the
work of Jessen (1942). He pioneered using the entire information collected in the
previous investigations (occasions). Further the theory of rotation (successive)
sampling was extended by Patterson (1950), Rao and Graham (1964), Gupta
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(1979), Das (1982), Chaturvedi and Tripathi (1983) and many others. Sen (1971)
developed estimators for the population mean on the current occasion using
information on two auxiliary variates available on previous occasion. Sen (1972,
1973) extended his work for several auxiliary variates. Singh and Singh (1991)
and Singh and Singh (2001) used the auxiliary information on current occasion
for estimating the current population mean in two occasions successive sampling.
Singh (2003) extended their work for h-occasions successive sampling. Feng and
Zou (1997) and Biradar and Singh (2001) used the auxiliary information on both
the occasions for estimating the current mean in successive sampling. In many
situations, information on an auxiliary variates may be readily available on the
first as well as on the second occasion, for example, tonnage (or seat capacity) of
each vehicle or ship is known in survey sampling of transportation, number of
beds in different hospitals may be known in hospital surveys, number of polluting
industries is known in environmental survey, nature of employment status,
educational status, food availability & medical aids of a locality are well known
in advance for estimating the various demographic parameters in demographic
surveys. Many other branches in biological (life) sciences could be traced out to
show the benefits of the present study. Utilizing the auxiliary information on both
the occasions Singh (2005), Singh and Priyanka (2006, 2007, 2008) proposed
chain type ratio, difference and regression type estimators for estimating the
population mean at current (second) occasion in two-occasion rotation
(successive) sampling.

The objective of present work is to propose two new estimators for estimating
the population mean at current (second) occasion in two-occasion rotation
(successive) sampling by utilizing the information on sample partial regression
coefficients. Information on sample partial regression coefficients helps us in
identifying whether the variation in the study character from occasion to occasion
is due to the presence of auxiliary character or the change is due to the sensitivity
of the character under study itself. The detail behaviours of the proposed estimators
have been studied and conclusions have been drawn with the help of tabular and
pictorial representation.

2. Proposed estimators

Let U= (Ul, U, .., UN) be a finite population of size N, which has been

sampled over two occasions, and the character under study be denoted by x(y) on
the first (second) occasion respectively. It is assumed that information on an
auxiliary variable z (with known population mean) is available on both the
occasions. A simple random sample (without replacement) of n units is taken on
the first occasion. A random sub-sample of m = n A units is retained (matched) for
its use on the second occasion, while a fresh simple random sample (without
replacement) of u = (n - m)=n p units are drawn on the second occasion
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from the remaining non-sampled units of the population so that the sample size on
the second occasion is also n. A and p (A + p = 1) are the fractions of matched and
fresh samples respectively.

The following notations have been considered for the further use:

X,Y,Z: The population means of the variables x, y and z respectively.

Xos Zos Yo Xims Zs Yu» Z, . The sample means of the respective variates of

m?
the sample sizes shown in suffices.
Pyes Pyss Py, o The correlation coefficients between the variates shown in

suffices.
Sz, Si, S? : The population mean squares of x, y and z respectively.

B,., and B, : The population partial regression coefficients.

b, and b, :The sample partial regression coefficients.

yX.z

To estimate the population mean Y on the second (current) occasion, three
different estimators Ty, T, and Ty, are considered. The estimator T}, is based on
the sample of size u drawn afresh on the second occasion and estimators Ty,,, and
Tom are based on the sample of size m common with both the occasions.
Estimators Ty, Tim and T, are formulated as:

T, = Y. tb,,(W(Z7Z,). Ty, = Intb,, (M)(X,K,),
T2m = yfn +byx.z (m)()_(:l _)_(*m)

where

For estimating the mean on each occasion estimator, Ty, is an appropriate
choice, while for measuring the change from occasion to occasion estimators T,
and T,, are the best option under the given situation. To consider both the
problems simultaneously some suitable combinations of the estimators T,,, Ty
and T, are desired.

Motivated with the above discussion two different convex linear combinations

Ty and Ty, of the estimators (T,,, T, ) and (T,,, T, ) have been considered for

u? u?

estimating the population mean Y at current (second) occasion. Ty, and Ty, are
defined as

T, = (P1T1u+(l_(Pl)Tlm (1)

and
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T, = (P2T1u+(1-(p2)T2m (2)

where ¢; (i = 1, 2) are unknown constants to be determined under certain
criterion.

3. Bias and mean square error of proposed estimators Ty; and T;;

Since T,, is a simple linear regression estimator and T, , T, are also the

simple linear regression type estimators, they are biased for population mean Y .
Since the final estimators T;; and T,, are convex linear combinations of

(T,,.T,,)and (T,,, T, ) respectively, T, and T, are also the biased estimators

of Y . Bias B (.) and mean square error M (.) of the estimators T;; and T, are
derived up to the first order of approximations and under large sample using the
following transformations:

y,=(+e)Y, v, =(1+e,)Y, X =(+¢,)X, X, =(1+¢,)X,
Z, =(1+e)Z, Z,=(1+¢)Z, 7, =(1+¢,)Z, s, (w=(1+e,)S,,,
s, (m)=(1+e,)S,,, s, (m=(1+e,)S,,, s;(w=(1+e,))S;, s, (m)=(l+e,,)S;,
s2(m)=(1+e;;)S, by, (m)=(1+e,,)Byy,, by, (m)=(I+e;5)By,,; Such that
E(e,)=0 and by 15,

Xz ?

Under the above transformations T,, and T, (j = 1, 2) take the following

forms:

Tlu :(1+el)?_(e7 +¢,¢4 _e7ell)ByzZ 3)
=§?(1+e2)+[3yxz (e4 e3+e4e14-e3e14) ByoxZ(es+ese;s) 4)
T = ?(1+62)-Byz,x (e5 +ese15)+Byx_Z)_((e4-e3 +e4el4'e3e14)

ByxBrZ (es'ea+ese9'ese12'e €9 1C6C3TC5€14~Cg e14) )

Thus, we have the following theorems:

Theorem 3.1: Bias of the sequence of estimators T;j (j = 1, 2) to the first
order of approximations is obtained as

B(T)) = ¢;B(T,,)+(1-9)B(T;,); G=1,2) (6)

where
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I 1Y o, o
B(T )= 2 || Boos _ Poiz .
( lu) Byz(u Nj( Si SYZJ (7)
B(T,,) = §,-8,-, )
and
i 1 1
B(Tyy, ) = 8,-8,-85+By, | 85 =8, + By, [;;](“S—(;—H 9)
L z yz
where

5, =E| (%K) by m)y, ) |.

8, = E| (XX (by, (m)-Bys.,

-

8y = E|(2-Z) {0y (M)-Byex )

8, = E| (2-Z) [y (m)-Byy.)

-

(7 Z) By (m)-Byss )

and o, =E [(x—f)r (y—ﬁ?)S (Z—Z)tJ r>20,s20,t>20
Proof: The bias of the sequence of estimators Ty; (j = 1, 2) is given by

B(T,) =E[T,-Y ] = ¢ E(T,,-Y) + (1-¢,) E(T,,-Y) (10)

jm

= ¢,B(T, )+ (1-¢,)B(T,,)
where
B(T,,)=E[T,-Y] and B(T,,) =E[T,,-Y]. (j=1.2)

Substituting the values of Ty, Ty, and Ty, from equations (3)—(5) in the
equation (10) and taking expectations up to o(n™), we have the expression for the
bias of the sequence of estimators Ty; (j = 1, 2) as described in equation (6).
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Theorem 3.2: Mean square error of the sequence of estimators T; (j = 1, 2) to
the first order of approximations is obtained as

M(T,) = ¢>M(T,, )+ (1-p,) M(T,,)+2¢,(1-9,)C,, :G=12) (1D)

where

N N Y Tk

M(T,) =E(T1m-\_()2 = Ki—%}(l—2A1pw+Af)+(i-%}(A§—2A2pﬂ+2AIA2pXZ)}Si

M= BT, ) = (£ 120,000 2o it 2a,

where A, = [M]amd A, = {M]

1 'p)Z(z 1 'piz

Proof: It is obvious that mean square errors of the sequence of estimators Tj;
(G=1,2)1is given by

M(T))) = E[le'?f = E[(Pj (Tlu'?)+(1'(9j)(ij '?)T

= QIM(T,, )+ (1-97 )M(T,, ) +20, (l'wj)E[(Tlu'?)(ij'?)] G=1,2)

Using the expressions given in equations (2)—(5) and taking expectations up to
o(n™), we have the expression of mean square error of the sequence of estimators
T,;(g =1, 2) given in equation (11).



STATISTICS IN TRANSITION-new series, July 2009 65

4. Minimum mean square error of proposed sequence of estimators
Ty (j=1,2)

Since mean square error of Ty; (j = 1, 2) in equation (11) is a function of
unknown constant @;, it is minimized with respect to ¢; and subsequently the
optimum values of @;(j = 1, 2) is obtained as

M(ij)'clj T
;(0=1,2). (12)
M(Tlu)+M(TJm)_2C1J

(p jopt N

Now substituting the value of @, opt (G =1, 2) in equation (12), we get the
optimum mean square error of Ty; (j = 1, 2) as

_ M(T,)-M(T;,)-Cj,
Pt M(T,, )+M(T,,)-2C,

M (T);) (=12 (13)

Further, substituting the values of M(T,,), M(T,,) and C;; G =1, 2) in
equations (12) and (13), we get the simplified values of ¢ jopt G=1,2) and

M(T};),, (= 1,2), which are shown below:

0 = 1y [As A, ]
o [AI LA +H12A7 :'

opt

(14)

A A, H2A L S
M(Tll)opt: AO+M1AII+M21A12_Y (15)
1THATH A, 1

N [As LA, ]
o [Al A, +“§A9]

¢, (16)

2
M(T,). . = A10+”2A13+“§A14 S_y (17)
e A FLAHGA, 1

where

A = l-piz, A, = 1—2A1pyz+Af, A= A§-2A2pyX +2A,A,p

Xxz?

A4 = A; -Aipiz _2A2pyx +2A2pxzpyz’ AS = Al _AZ ’ A6 = _(l_f)AS ’
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A, =AfA;, A, =A+A,, A, =A,fA;, A,=(-DAA,,

A, = (As'f2A5)A15 A, = 'fA1A7’ Ay = (A4'f2A5)A1 ,

A, =-fAA, andf=

z|s

5. Optimum replacement policy

To determine the optimum values of y; (j =1, 2) (fraction of samples to be

taken afresh at second occasion) so that population mean Y may be estimated
with maximum precision, we minimize mean square errors of Tj; (j =1, 2) given in
equations (15) and (17) respectively with respect to p; (j =1, 2), which result in
quadratic equations in p; (j =1, 2) and respective solutions of p;, say }lj G=12)

are given below:

Qu;+2Q,u,+Q,=0 (18)
A -in\/Qi'Qng
= (19)
Q,
Q4H§+2Q5“2+Q6:0 (20)
_ _QSi\/Qg_Q4Q6 (21)
’ Q,
where Q, =AA,-AA,, Q,=AA,-AA,, Q; =A A FAA,,

Qu =AA LA, Qs =AA-AA ) and Qg =AJA ;-AA .

From equations (18) and (20), it is obvious that real values of y; (j =1, 2) exist
if the quantities under square roots are greater than or equal to zero. For any
combination of correlations pyx, px, and py,, which satisfy the conditions of real
solutions, two real values of ﬁj (j =1, 2) are possible. Hence, while choosing the

values of [i,, it should be remembered that0 < i, <1, all the other values of y; (j
=1, 2) are inadmissible. Substituting the admissible values of ﬁj say ],tgo) G=12)

from equations (19) and (21) into equations (15) and (17) respectively, we have
the optimum values of mean square errors of T; (j =1, 2), which are shown below:
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2
M(T,).., = A10+HEO)A11+MO)2A12 S_y 22)
e A1+M§O)A6+M§O)2A7 n

2
M(T,). . = A10+“20)A13+H(20)2A14 S, (23)
12/ opt (0) (02
Aty Agtiy "Ay 1

6. Efficiency comparison

The percent relative efficiency of the sequence of estimators T,;(j = 1, 2)

with respect to (i)Y, , when there is no matching and (i) Y=¢ 'y, +(1-¢")y,, ,
when no auxiliary information is used at any occasion, where
V. =Y. +B,, (in X, ) , have been obtained for different choices of py, py, and

Pxz. Since y, and Y are unbiased estimators of \_(, following Sukhatme et al.

(1984), the variance of y, and optimum variance of Y are given by

V(@F,) = [%—%}s

~ S S
V(Y) - [1+ 1-p? }—y——y
opt" ™ 2n N

For N=5000, n=500 and different choices of pyx, py, and py, , Tables 1-2 give
the optimum values of p;, (j=1,2) and percent relative -efficiencies

EEI) and Egz) of T;;(j = 1, 2) withrespectto y, and % respectively, where
_ % (? )

EO = YU 100 and E® = — o

M (le )Opt M (le )opt

The percent relative efficiencies are also demonstrated by means of pictorial
representation for some choices of correlations.

x100 ,(=1,2).
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Figure 1. The PRE of T;, w.r.t. 'y, for p,, =0.5 and different values of p_,
and p,

700

Ay
P 500
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Figure 2. The PRE of T;, w.r.t. 'y, for p,, =0.5 and different values of p_,

and p,

7. Conclusion

The following conclusions can be read out from Tables 1-2:
(1) From Table 1 it is noticed that

(a) For fixed values of py, and py, the values of Efl), Egz) and “50) are
increasing with the increasing values of py, This behaviour is in agreement with

Sukhatme et al. (1984) results, which explains that the more the value of pyx,
more the fraction of fresh sample is required at the current occasion.

(b) For the smaller values of py, and py, the values of E!" and E\” are

increasing while the values of “50) are decreasing with the increasing values of py,

. For the larger values of p,, and pyy , the values of E{" and E® are increasing

with the increasing values of py, while no definite patterns are noticed for the

variations in the values of p' in similar situations. This behaviour is highly

desirable in terms of percent relative efficiencies, since it concludes that if highly

correlated auxiliary character is available, it pays in terms of enhance precision of
estimates.



72 G. N. Singh, J. P. Karna: Search of effective rotation...

(¢) For fixed values of py, and py, the values of E!"” and E®® are decreasing

while the values of ufo) are increasing with the increasing values of py, . This

indicates that behaviour of the correlation py, at first occasion is sensitive in terms
of percent relative efficiencies and amount of fresh sample to be replaced at
current occasion.

(2) From Table 2 it is observed that

(a) For fixed values of py, and py,, the values of M(20) are increasing and the
values of E{" are decreasing while the values of EY do not follow any definite
pattern with the increasing values of pyy.

(b) For fixed values of py, and py, the values of E(zl) and E(f) are increasing
with the increasing values of py, while no definite patterns are observed in the

values of " .

(¢) For fixed values of py, and py, the values of p!) increase while

E!” and E{’ do not show any predictable pattern when the values of py, are

increased. Nevertheless, overall gain is observed in terms of percent relative
efficiencies.
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